2009 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

CALCULUS AB

D O N OW.: SECTION II, Part A

Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.
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1. Caren rides her bicycle along a straight road from home to school, starting at home at time ¢ = 0 minutes and
arriving at school at time ¢ = 12 minutes. During the time interval 0 < ¢ < 12 minutes, her velocity v(¢), in
miles per minute, is modeled by the piecewise-linear function whose graph is shown above. o 3 - o

(a) Find the acceleration of Caren’s bicycle at time ¢ = 7.5 minutes. Indicate units of measure. —— - -‘ "‘““/
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(c) Shortly after leaving home, Caren realizes she left her calculus homework at home, and she returns to g get it.
At what time does she turn around to go back home? Give a reason for your answer.

(d) Larry also rides his bicycle along a straight road from home to school in 12 minutes. His velocity is modeled

by the function w given by w(r) = Bsm (—t) where w(r) is in miles per minute for 0 < ¢ < 12 minutes.

Who lives closer to schoof: Caren oryLarry? Show the work that leads to your answer.

WRITE ALL WORK IN THE PINK EXAM BOOKLET.
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AP Calculus: The Definite Integral as an Average Ms. Loughran

We know how to find the average of n numbers: add them and divide by n. But how do we find the
average value of a continuously varying function? Let us consider an example. Suppose C = f(t)
is the temperature at time ¢, measured in hours since midnight, and that we want to calculate the
average temperature over a 24-hour period. One way to start would be to average the temperatures

atn times, ty,t,...,t,, during the day.

£lt1) + F(t2) + -+ F(ta)

n

Average temperature ~

The larger we make n, the better the approximation. We can rewrite this expression as a Riemann

sum over the interval 0 < ¢ < 24 if we use the fact that At = 24 /n, so n = 24/At:
ft) + f(ta) +--- + f(tn)
24/At
_ f()AL + f(t2)At +--- + f(t,)At
i 24

= % S f(t)At.
i=1

Average temperature =

As n — o0, the Riemann sum tends towards an integral and also approximates the average temper-
ature better. Thus, in the limit

N IR
Average temperature = nlerolo Y] Z; f(t:)At
=

1 [
= 2 A f(t)dt.
Thus we have found a way of expressing the average temperature in terms of an integral. Generalizing
for any function f, we define

Average value of f _ 52
fomatob . =

How to Visualize the Average on a Graph

The definition of average value tells us that

b
(Average value of f)- (b—a) = / f(z) dz.

Thus, if we interpret the integral as the area under the graph of f, then we can think of the average
value of f as the height of the rectangle with the same area that is on the same base, (b — a). (See
Figure 3.18.)

Area under curve =
Area of rectangle
whose height is
the average
value of f

Figure 3.18: Area and average value



Practice

1. Find the average value of f(x)=x’ fromx=2tox=4.
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2. Find the alvGI'age value of f(x)= «/_ from x =

JloD gﬁdx = L

3. Find the average value of f(x)=¢"" on the interval [-1,1].
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4. Find the av&-‘:age value of f(x)=cosx fromx=0tox=m.
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5. Find the average velocity of v(1)=1> -2 on the interval [-2,3].
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2003 AB 5 Form B (Skip b and ¢)
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Graphof f
Let £ be a function defined on the closed interval [0, 7} The h of £, consisting of four line segments,
is shown above. Let g be the function given by g(x) = [: f(n) dr.

3
< 1 |{ - | (3) —
(a) Find g(3). g°(3), and g"(3). / 2-D S\% X)JX 3 % g (D)
(b) Find the average rate of changp of g ontheinterval 0 € x £ 3. D L 2 4 [f:l —

50 <cec %3. is 2°(q) equal to the average rate found in pa%l (D) 7 Explain

x\ = b

int of infleclion of the graph of g on jhe interval 0 < x < 7. Justify your

(c) For how many values c. }vl
your reasoning.

(d) Find the x-coordinate &9 ¢:
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2007 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

Homework 03-01
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3. The functions f and g are differentiable for all real numbers, and g is strictly increasing. The table above
gives values of the functions and their first derivatives at selected values of x. The function 4 is given by

h(x) = f(g(x)) - 6.

(a) Explain why there must be a value r for 1 < r < 3 such that h(r) = —

(b) Explain why there must be a value ¢ for 1 < ¢ < 3 such that A’(c) = 5.

(¢) Let w be the function given by w(x) = 1) dt Flnd the value of w "o\ = ~|.9=-
j(x\ w'(8)=Fly }3\) gl) = Fl)4(3) = ~1-2=-2

(d) If g' is the inverse function o) g, WI‘lt an equ 10n for the line tangent to the graphof y = g~ (x)
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WRITE ALL WORK IN THE PINK EXAM BO LET.

END OF PART A OF SECTION I
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2007 AP° CALCULUS AB FREE-RESPONSE QUESTIONS (Form B)

CALCULUS AB
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.
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4. Let f be a function defined on the closed interval —5 < x < 5 with f(1) = 3. The graph of f”, the derivative
of f, consists of two semicircles and two line segments, as shown above.

(a) For =5 < x < 5, find all values x at which f has a relative maximum. Justify your answer.
(b) For -5 < x < 5, find all values x at which the graph of f has a point of inflection. Justify your answer.
(c) Find all intervals on which the graph of f is concave up and also has positive slope. Explain your reasoning.

(d) Find the absolute minimum value of f(x) over the closed interval =5 < x < 5. Explain your reasoning.
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GO ON TO THE NEXT PAGE.



2 2008 AP° CALCULUS AB FREE-RESPONSE QUESTIONS (Form B)
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Graph of g’

5. Let g be a continuous function with g(2) = 5. The graph of the piecewise-linear function g’, the derivative
of g, is shown above for -3 < x < 7.

(a) Find the x-coordinate of all points of inflection of the graph of y = g(x) for =3 < x < 7. Justify your

answer.

(b) Find the absolute maximum value of g on the interval =3 < x < 7. Justify your answer.

(c) Find the average rate of change of g(x) on the interval =3 < x < 7.

(d) Find the average rate of change of g’(x) on the interval -3 < x < 7. Does the Mean Value Theorem

applied on the interval -3 < x < 7 guarantee a value of ¢, for =3 < ¢ < 7, such that g”(c) is equal to this
average rate of change? Why or why not?

0 %(xS}\es k pot oF iFleckon Lher

n'dn

155\'\
@‘"\7,\,Mgr§/ 230 X=

o ffudye

b) R\é e imndidabeAust, o dwldh MRY) VW

bEvIS Y RN LNARo
[-3)= 5+4-%
(2)= 5
M=1+3
. s xS G+4-

9 gm—g-s\ _3-(F%)
7-(-3) 10 -

3)

d g B)-g3) _ | ), 5.4

1-(-3)
No e MVT dogs st

opty s

vt o Tt axime

A -12
32 _ & .-k
0 T 10

auug() is not deffyrentadle on (3,9



