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AP Calculus: The Definite Integral as an Average Ms. Loughran

We know how to find the average of n numbers: add them and divide by n. But how do we find the
average value of a continuously varying function? Let us consider an example. Suppose C = f(t)
is the temperature at time ¢, measured in hours since midnight, and that we want to calculate the
average temperature over a 24-hour period. One way to start would be to average the temperatures
at n times, ty,ts, ..., t,, during the day.
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The larger we make n, the better the approximation. We can rewrite this expression as a Riemann
sum over the interval 0 < ¢ < 24 if we use the fact that At = 24 /n, so n = 24/At:
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As n — o0, the Riemann sum tends towards an integral and also approximates the average temper-
ature better. Thus, in the limit
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Thus we have found a way of expressing the average temperature in terms of an integral. Generalizing
for any function f, we define
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How to Visualize the Average on a Graph

The definition of average value tells us that

b
(Average value of ) - (b —a) = / flz)dz.

Thus, if we interpret the integral as the area under the graph of f, then we can think of the average Area under curve —

value of f as the height of the rectangle with the same area that is on the same base, (b — a). (See Area of rectangle

Figure 3.18.) whose height is
the average
value of f
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Figure 3.18: Area and average value



Practice

1. Find the average value of f(x)=x’ fromx=2tox=4.

2. Find the average value of f(x)= Jx fromx=0 tox = 16.

3. Find the average value of f(x)= ¢** on the interval [-1,1].

4. Find the average value of f(x)=cosx fromx=0tox=7.

5. Find the average velocity of v(1)=¢> -2 on the interval [-2,3].



